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Abstract—One major difficulty in transmission expansion 

planning is selecting the representative scenarios to use to evaluate 
candidate transmission networks. The variability in demand and 
renewable generation makes the inclusion of several scenarios 
critical when calculating reliability and cost, but including too 
many scenarios in an optimization is computationally intractable. 
To reduce the number of representative operating conditions 
needed to obtain an accurate approximation of the system, we 
propose a method rooted in multivariate statistics that exploits the 
latent correlative structure between different scenarios and 
network configurations. The proposed algorithm includes an 
objective and rigorous way to select a subset of scenarios that 
provide as much information about the system as possible, and a 
method to accurately approximate the system cost from that 
scenario subset. The result is a set of scenarios and weights that 
are easily incorporated into traditional transmission expansion 
planning formulations. We apply this to a 312-bus WECC model 
with 8,736 distinct operating conditions. The transmission plans 
found with the proposed method are more reliable and have a 
lower total cost than those from other scenario reduction 
techniques, as well as a smaller error between the expected system 
performance from the optimization objective and the actual 
system performance.  
 

Index Terms— Approximation algorithms, Clustering 
algorithms, Principal component analysis, Sampling methods, 
Uncertainty  

I. INTRODUCTION 
he goal of the transmission network expansion planning 
(TNEP) problem is to find a transmission network that will 

operate reliably and at low cost for a range of uncertain future 
conditions. The TNEP problem is characterized by both the 
large number of potential network configurations that are 
possible and by the myriad operating conditions (i.e., the 
demand and non-dispatchable generation at each bus) for which 
each candidate network must be evaluated.  

To determine the performance of any candidate network 
configuration for a specified operating condition, an optimal 
power flow (OPF) model is typically solved. Solving many 
OPFs for realistically sized networks is time consuming. In 
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general, it is not possible to find verifiably optimal transmission 
networks for the full range of possible scenarios because of the 
computational impracticality of solving OPFs for each 
contingency. This challenge is magnified for large networks, 
detailed OPF formulations, and when multiple investment 
stages are considered because each OPF takes longer to solve 
and additional OPFs must be solved for each investment stage. 

Before renewable generation became a substantial part of 
grid operations, it was often considered sufficient to evaluate 
new transmission lines only for the hour of the year with the 
highest load. Any transmission network that allowed for 
adequate operation during this hour was considered likely to 
operate at least as well during any other demand scenario [1]. 
This “worst hour” approach to selecting a test scenario is still 
deceptively appealing, but in modern systems, it is not obvious 
which hour is most likely to cause reliability issues, and the 
worst hour may vary by region or change as new lines are added 
and reliability issues are resolved. The "worst hour" approach 
also provides no indication of the total operations cost of the 
proposed network over a full year, so line investments that 
would significantly reduce operation costs, but are not 
necessary for the reliability of the system, are likely to be 
missed. Transmission planning for today's system requires the 
consideration of many possible operating conditions. 

Standard practice is therefore to include a small subset of the 
possible demand and generation scenarios in the TNEP 
optimization model. However, it is difficult to determine which 
scenarios are relevant a priori. There is a need for methods that 
can accurately determine the performance of a network in the 
relevant operating conditions without requiring an excessive 
number of representative scenarios [2]. A variety of strategies 
exist for scenario reduction or efficient exploration of the space 
of possible operating conditions.  These include Monte Carlo 
sampling, Latin hypercube sampling, forward and backward 
scenario selection, K-means clustering, robust optimization 
formulations, importance sampling, and various hybrids of the 
above methods. However, each of these has limitations in how 
well they approximate the performance of a candidate network 
with a given number of representative hours. 
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We present a novel algorithm for selecting and weighting 
representative hours for the TNEP optimization that uses the 
correlation structure across scenarios that exhibit similar 
reliability risks and across candidate networks that variably 
address each particular risk. By applying well-known linear 
algebraic decomposition methods to identify the features of the 
system that explain the most variance in network performance, 
we demonstrate a dramatic increase in the efficiency and 
accuracy of approximating the expected cost of a network based 
on a small subset of scenarios; this ultimately allows us to find 
better solution networks for the TNEP problem. 

The remainder of this paper proceeds as follows: Section II 
reviews the literature on the methods applied to this problem to 
date and highlights their shortcomings. Our proposed algorithm 
is described in Section III. Section IV defines the optimization 
methodology and test case on which we demonstrate our 
algorithm. The results for the case study are presented in 
Section V, and Section VI provides a discussion. 

II. TRANSMISSION EXPANSION LITERATURE 
As described above, finding transmission networks that are 

reliable and efficient for present-day and future power systems 
requires a broad set of operating conditions (e.g., several 
representative hours) be included in the solution methodology. 
The most common framework in the literature uses a stochastic 
programming approach, where binary line decisions are made 
as an upper level problem, and OPF subproblems are solved as 
recourse decisions for each scenario with linear or non-linear 
solvers as appropriate. Binary programming problems are 
typically hard to solve, so the majority of studies focus only on 
one investment stage and do not allow additional line 
investments as recourse decisions. This restriction also enables 
certain computational strategies such as Benders’ 
decomposition to be used for larger models than would 
otherwise be possible [3]. We focus on these single stage 
models in this work.  

Traditionally, the representative scenario set was often 
chosen heuristically, based on the modeler's intuition [1]. Many 
studies instead randomly select scenarios and give them equal 
weight in the TNEP model [4]. The performance of these two 
strategies is erratic, but quickly optimizing scenarios chosen 
with simple rules, or many small sets of randomly sampled 
scenarios, will occasionally provide a few acceptable networks 
that can be evaluated and refined further with other tools. Other 
studies have addressed volatility by employing variance-
reduction techniques like Latin-hypercube sampling or repeated 
Monte Carlo sampling across iterations of the solution method 
[5], [6]. 

Another approach is to use a scenario selection technique that 
only needs information about the operation parameters that vary 
across scenarios. Most of these techniques share the objective 
of minimizing the distance between the scenarios omitted from 
the analysis and their closest counterpart that is included. 
Forward scenario selection, backward scenario selection, and 
K-means clustering (KMC) are examples of this approach. 

 Grouping scenarios together based on distance minimizing 
criteria; however, will inevitably average extreme events into 

less extreme clusters so these methods often have trouble 
representing reliability risks with fewer than 200 scenarios [7], 
[8]. Some algorithms compensate for this by requiring shorter 
distances between extreme scenarios and their representative 
cluster, or by iteratively adding more clusters until the error of 
the model is sufficiently reduced [9], [10]. This does not fully 
resolve the issue because a large proportion of the sample is still 
devoted to scenarios that are unlikely to fail and do not provide 
useful additional information.  

Importance sampling (IS) has been applied to address this 
limitation by first solving the OPF models for the full set of 
scenarios of potential interest for a baseline network, and then 
adjusting the probability of sampling each scenario and its 
weight in the optimization according to its contribution to the 
total cost of the baseline run. This ensures that the sampled 
scenarios are more focused on impactful situations [11], [12]. 

However, importance sampling has several shortcomings 
that we aim to address. First, importance sampling focuses on 
scenarios with a large objective value (i.e., high cost), but the 
magnitude of this value is often partially due to factors that are 
not affected by transmission decisions. Some scenarios will be 
more expensive regardless of the configuration of the 
transmission network. The representative power of a subset of 
scenarios would be improved by instead selecting the scenarios 
that have a large variance across the possible network 
configurations to ensure that factors affected by the decisions at 
hand are focused on. Second, implementations of importance 
sampling reveal that the most important scenarios often come 
from the same short period of the year and have similar 
operating conditions [12]. These scenarios all exhibit the same 
underlying problem and including several of them in the model 
is redundant. Further, if there are several failure mechanisms 
that occur, large samples are still required to be sure that the 
least expensive failure modes are sampled at least once. Third, 
the use of a baseline network does not account for problems that 
are unique to the other networks under consideration; new lines 
can cause new problems and importance sampling is likely to 
miss problems that did not occur in the baseline network. 
Finally, it is difficult to estimate the true cost of the system, 
which is necessary both to justify the investment in new assets 
as opposed to other risk mitigation techniques and to measure 
the validity of the sampling and weighting technique. 

Another alternative for planning reliable networks under 
uncertainty has arisen from the field of robust optimization. 
Robust methods focus on identifying and minimizing the cost 
of the scenario that results in the worst performance for the 
candidate networks with the hope that the system with the best 
minimax objective value will be among the best plans in the 
other scenarios. Ideally, this would allow for very little time to 
be spent evaluating a network’s performance in uneventful 
scenarios. Robust optimization formulations tend to assume 
that the operating conditions of the worst case scenario will lie 
on the edge of the uncertainty space hypercube, and they either 
sample intelligently from these points [13], [14], or use column 
generation techniques and dual cutting planes to adaptively find 
the relevant scenarios [15]–[18].  

However, working with the uncertainty space directly rather 
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than with a set of historical or anticipated scenarios, 
necessitates subjective uncertainty budgets that only allow for 
a fixed number of extreme events to occur at once. Failing to 
carefully tune these budgets will risk returning a network that 
is tailored to a scenario that is exceptionally unlikely to occur, 
or a network that is ill prepared for extreme events that are 
likely to occur together. Furthermore, minimax objectives cause 
the optimization to terminate when the worst-case scenario 
cannot be improved further even if the expected cost of the 
system could be improved with reliability and efficiency 
enhancements in other scenarios [16]. And in general, robust 
models do not provide a mechanism for estimating the expected 
cost of the system. Some work has been done to combine robust 
models with clustering or representative day construction 
methods to address these issues [18], [19]. In doing so, these 
hybrid approaches have demonstrated that robust frameworks 
may still be sensitive to the sampling of short-term uncertainty, 
with different solutions being found when fewer than 200 
scenarios are used [19]. The previous observations 
notwithstanding, stochastic programming and robust 
optimization formulations of the TNEP problem have 
fundamentally different objectives, and therefore a direct 
comparison across these frameworks is difficult to perform 
fairly and rigorously.    In this study, we restrict our focus to the 
stochastic programming formulation, and to comparing 
alternative methods for scenario selection for that application.   
Comparison between stochastic programming and robust 
optimization is left for future work. 

III. METHODOLOGY 
We present a novel algorithm for scenario selection and 

weighting for the stochastic TNEP problem. Our method 
exploits the correlative structure between the OPF solutions 
across the scenario set and the different potential transmission 
networks. Through this structure, the performance of any 
transmission network can be compactly expressed in terms of a 
small number of latent factors that span the entire scenario set. 
For example, networks with a high score in one latent factor 
will exhibit reliability issues of a predictable magnitude in one 
subset of the scenarios, while a high score in another latent 
factor indicates efficient operation in another scenario subset. 
The latent factors can be thought of as representing distinct 
reliability risks because the different latent factors naturally 
partition uncorrelated failure modes. The algorithm works by 
approximating the underlying latent factors that govern the 
performance of the networks across the scenario set, so we refer 
to it as the Approximate Latent Factor Algorithm (ALFA). 

Similar to IS, ALFA uses the OPF solutions for the full 
scenario set to select and weight the scenarios that will be used 
in the TNEP optimization. However, ALFA uses the OPF 
solutions to multiple candidate networks instead of just one. 
The full scenario set is often large, (e.g., 8,760 hours of load 
and renewable generation), but this step is parallelizable using 
high performance clusters. Using several networks captures the 
multivariate relationship between the networks and scenarios, 
which in turn allows for more efficient approximations of the 
total system cost. This is done by picking scenarios specifically 

to estimate the latent factors that are responsible for the most 
variance between different networks, so very few scenarios are 
needed to cover the main risks in the system. This way, ALFA 
overcomes the biggest drawback of other scenario selection 
methods by avoiding redundant and uninformative scenarios.  

ALFA consists of three major components: 1) the 
approximation of the relevant latent factors; 2) the selection of 
the scenarios that provide the most information about the latent 
factors; and 3) the calculation of weights to attribute to each 
scenario. Each of these steps are described in order below.  

A. Latent Factor Approximation 
Define 𝜔𝜔𝑖𝑖 ∈ Ω as the discrete scenarios that are of interest to 

the transmission planner and let n be the number of scenarios; 
that is, |Ω| = 𝑛𝑛. Similarly, denote 𝜓𝜓𝑗𝑗 ∈ Ψ as the set of 
candidate transmission networks. The function 𝑓𝑓�𝜔𝜔𝑖𝑖 ,𝜓𝜓𝑗𝑗� 
returns the solved OPF objective function value for candidate 
network 𝜓𝜓𝑗𝑗 in scenario 𝜔𝜔𝑖𝑖.  

To begin the algorithm, take a random sample of candidate 
networks Ψ′ ⊂ Ψ with |Ψ′| = 𝑚𝑚. Populate a matrix Z with the 
optimal objective values for each sampled network and scenario 
pair according to (1). Z is therefore an 𝑛𝑛 × 𝑚𝑚 matrix of solved 
OPF objective function values. It is more useful to work with 
the mean centered rows of Z, so we define the mean centered 
matrix A as having elements given by (2) where 𝑧𝑧�̅�𝑖 is the sample 
mean of row i in Z. 

 
𝑧𝑧𝑖𝑖𝑗𝑗 = 𝑓𝑓�𝜔𝜔𝑖𝑖 ,𝜓𝜓𝑗𝑗�       ∀𝑖𝑖,       𝑗𝑗 = 1, 2, … ,𝑚𝑚 

 
 𝑎𝑎𝑖𝑖𝑗𝑗 = 𝑧𝑧𝑖𝑖𝑗𝑗 − 𝑧𝑧�̅�𝑖 

 
The latent factors of interest are estimated with the singular 

value decomposition (SVD) of A with 𝐀𝐀 = 𝐔𝐔𝐔𝐔𝐕𝐕T, where U is 
an orthonormal 𝑛𝑛 × 𝑛𝑛 matrix with columns known as the left 
singular vectors, V is an orthonormal 𝑚𝑚 × 𝑚𝑚 matrix with 
columns called the right singular vectors, and S is the 𝑛𝑛 × 𝑚𝑚 
matrix of singular values. All the elements of the S matrix are 
zero except for the first r elements of the main diagonal, which 
are the ordered singular values 𝑠𝑠1 > 𝑠𝑠2 > ⋯ > 𝑠𝑠𝑟𝑟 > 0 and r is 
the rank of A. S2 contains the eigenvalues for both 𝐀𝐀𝐀𝐀T and 
𝐀𝐀T𝐀𝐀, and because U and V are orthonormal, 𝐀𝐀𝐀𝐀T = 𝐔𝐔𝐔𝐔2𝐔𝐔T and 
𝐀𝐀T𝐀𝐀 = 𝐕𝐕𝐔𝐔2𝐕𝐕T; thus, U and V make up the eigenvectors of their 
respective systems. This marks the close relationship between 
SVD and Principal Component Analysis (PCA) [20]. 

The rank k approximation of A with the smallest error can be 
calculated with 𝐀𝐀� = 𝐔𝐔𝑘𝑘𝐔𝐔𝑘𝑘𝐕𝐕𝑘𝑘T where Uk, and Vk, have all but the 
first k columns removed, and Sk is the square matrix of the first 
k rows and columns. This has the effect of compressing the A 
matrix into the k latent factors that are responsible for the most 
variability. Error in this approximation is defined as the 
Frobenius norm of �𝐀𝐀 − 𝐀𝐀��. 

To relate this back to transmission planning, the rows of V 
map the performance of the candidate networks to the 
underlying latent factors of the system with 𝐯𝐯𝑗𝑗 being the row 
vector of latent factor scores for transmission network 𝜓𝜓𝑗𝑗. 
Similarly, U maps the scenarios to the latent factors of the 

(1) 

(2) 
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system with 𝐮𝐮𝑖𝑖 being the row vector of latent factor scores in 
scenario 𝜔𝜔𝑖𝑖. The performance of transmission network 𝜓𝜓𝑗𝑗 in 
scenario 𝜔𝜔𝑖𝑖 can be reconstructed with (3).  

 
𝑓𝑓�𝜔𝜔𝑖𝑖 ,𝜓𝜓𝑗𝑗� = 𝐮𝐮𝑖𝑖𝐔𝐔𝐯𝐯𝑗𝑗T  +  𝑧𝑧�̅�𝑖 

 
In a practical sense, the rows of the U matrix can be 

understood as representing the magnitude of different operation 
modes in the corresponding scenario, and the rows of V 
represent the performance of the corresponding network in each 
of these operation modes. Because the values of S are in 
decreasing order, the operating modes in initial columns explain 
the most variability across the system and usually relate to 
severe reliability issues, and the subsequent columns represent 
minor variations in normal operation modes. 

So far, we have discussed the linear algebra results that come 
from manipulating a known matrix of OPF objective values, but 
our goal is to approximate the solution values to the OPFs for a 
transmission network for which we have only limited 
information, 𝜓𝜓𝑦𝑦 ∉ Ψ′. A well-established result from statistics 
and principal component analysis is that the eigenvectors of the 
sample covariance matrix asymptotically converge to the 
population values (4) where 𝚺𝚺Ω is the population covariance for 
the scenario set, and the expected value of a sample eigenvector 
is the population eigenvector. The underlying theory and proofs 
of this result can be found in [20], [21]. We can therefore 
assume that for large values of m, the U matrix approaches the 
eigenvectors of 𝚺𝚺Ω, and extends to the unobserved 𝜓𝜓𝑦𝑦. Thus, 
we can use U as our approximation of the latent factors in the 
scenario set for new networks.  
 

lim
𝑚𝑚→∞

 𝐀𝐀𝐀𝐀T/(𝑚𝑚 − 1) = 𝐔𝐔𝐔𝐔2𝐔𝐔T/(𝑚𝑚 − 1) = 𝚺𝚺Ω 
 

We still do not have any information about 𝐯𝐯𝑦𝑦, so we do not 
know how much 𝜓𝜓𝑦𝑦 is affected by the underlying latent factors. 
Approximating 𝐯𝐯𝑦𝑦 requires information about the performance 
of the candidate network in a sample of the scenarios, denoted 
with Ω′ with a sample size |Ω′| = 𝑙𝑙. For easy indexing and 
without loss of generality, assume that the sample Ω′ consists 
of the first l scenarios in Ω. To estimate the first p values of 𝐯𝐯𝑦𝑦, 
assume for now that Ω′ is well chosen and 𝑝𝑝 < 𝑙𝑙. Define a new 
 𝑙𝑙 × 𝑝𝑝 matrix 𝐗𝐗𝑎𝑎 as the rows of 𝐔𝐔𝒑𝒑𝐔𝐔𝒑𝒑 that correspond to the 
scenarios 𝜔𝜔𝑖𝑖 ∈ Ω′ and 𝐗𝐗𝑏𝑏  as the (𝑛𝑛 − 𝑙𝑙) × 𝑝𝑝 matrix of 
remaining rows as in (5) and (6) respectively.  

 
𝐗𝐗𝑎𝑎 = 𝐔𝐔𝒑𝒑𝐔𝐔𝒑𝒑      𝜔𝜔𝑖𝑖 ∈ Ω′    

 
𝐗𝐗𝑏𝑏 = 𝐔𝐔𝒑𝒑𝐔𝐔𝒑𝒑       𝜔𝜔𝑖𝑖 ∉ Ω′    

 
Similarly, define a new partitioned vector 𝐲𝐲, in (7), as the 

mean centered OPF values for the candidate network 𝜓𝜓𝑦𝑦, with 
elements 𝑦𝑦𝑖𝑖 , as in (8). The partitions 𝐲𝐲𝑎𝑎 and 𝐲𝐲𝑏𝑏 represent the 
OPF values for sampled and unsampled scenarios respectively 
(9), (10). Only the OPF objective values for sampled scenarios, 
𝐲𝐲𝑎𝑎, will be calculated with f, and 𝐲𝐲𝑏𝑏 must be approximated. 

 
𝐲𝐲 = �

𝐲𝐲𝑎𝑎
𝐲𝐲𝑏𝑏�  

 
𝑦𝑦𝑖𝑖 = 𝑓𝑓�𝜔𝜔𝑖𝑖 ,𝜓𝜓𝑦𝑦�  − 𝑧𝑧�̅�𝑖   

 
𝐲𝐲𝑎𝑎 = (𝑦𝑦1,𝑦𝑦2 , … ,𝑦𝑦𝑙𝑙)T 

 
𝐲𝐲𝑏𝑏 = (𝑦𝑦𝑙𝑙+1,𝑦𝑦𝑙𝑙+2, … ,𝑦𝑦𝑛𝑛)T 

 
Using (11), estimating 𝐯𝐯𝑦𝑦 reduces to finding the solution to 

an overdetermined linear system that minimizes some measure 
of the error component 𝜖𝜖. The squared error can be minimized 
through ordinary least squares (OLS) regression with (12). This 
gives us 𝐯𝐯�𝑦𝑦, the approximate mapping between the latent factors 
and candidate transmission network 𝜓𝜓𝑦𝑦.  

 
𝐲𝐲𝑎𝑎 = 𝐗𝐗𝑎𝑎𝐯𝐯𝑦𝑦T  + 𝜖𝜖 

 
(𝐗𝐗𝑎𝑎T𝐗𝐗𝑎𝑎)−1𝐗𝐗𝑎𝑎T𝐲𝐲𝑎𝑎 = 𝐯𝐯�𝑦𝑦T 

 
Several methods can be used to find 𝐯𝐯�𝑦𝑦, but few of these 

methods have a closed form solution as OLS regression does. 
This is convenient for calculating static weights that can be 
incorporated into the objective function of a mathematical 
program. A static objective function is not required for all 
methods, so ALFA can be more flexible in these cases. We opt 
for this OLS method because, in addition to facilitating the 
calculation of static weights, it provides a framework for the 
scenario selection process discussed in the next section.  

B. Scenario Selection 
We have so far assumed that an adequate sample of 

representative hours Ω′ was found without issue, but this 
process deserves special attention because it is the main 
challenge that most scenario selection strategies seek to 
overcome. The method we use here is informed by the 
knowledge that we will be approximating 𝐯𝐯𝑦𝑦 with OLS 
regression, so the system can be represented as (11) where 𝜖𝜖 has 
variance 𝜎𝜎2.  It is a well-known statistical result that the 
variance of 𝐯𝐯�𝑦𝑦, and therefore 𝐲𝐲�𝑎𝑎, is proportional to the inverse 
of the information matrix 𝐗𝐗𝑎𝑎T𝐗𝐗𝑎𝑎 as given in (13) and (14). 
 

𝐶𝐶𝐶𝐶𝐶𝐶�𝐯𝐯�𝑦𝑦T� = 𝜎𝜎2 (𝐗𝐗𝑎𝑎T𝐗𝐗𝑎𝑎)−1   
 

𝑉𝑉𝑎𝑎𝑉𝑉(𝑦𝑦�𝑖𝑖) =  𝜎𝜎2𝐱𝐱𝑖𝑖(𝐗𝐗𝑎𝑎T𝐗𝐗𝑎𝑎)−1𝐱𝐱𝑖𝑖T  
  

This implies that a poor selection of scenarios will needlessly 
magnify the variance of our estimated latent factors 𝐯𝐯�𝑦𝑦, whereas 
a good scenario selection will, by some measure, minimize the 
size of (𝐗𝐗𝑎𝑎T𝐗𝐗𝑎𝑎)−1 and therefore minimize the variance of the 
latent factor estimate and the fitted scenario costs [22].  

In experimental design optimization, several criteria are used 
to accomplish this. D-optimality and G-optimality are among 
the most common, with D-optimal designs maximizing the 
determinant of (𝐗𝐗𝑎𝑎T𝐗𝐗𝑎𝑎) and G-optimal designs minimizing the 

(3) 

(5) 

(6) 

(4) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 



 5 

maximum value of 𝑉𝑉𝑎𝑎𝑉𝑉(𝑦𝑦�𝑖𝑖). The two objectives are related, and 
under certain conditions D and G optimality criteria will 
produce the same design. This is not necessarily the case for the 
discrete scenario sets we work with here, but in practical 
applications both metrics produce good quality designs.  

While finding the optimal sample is an NP-hard problem, 
many easily implemented algorithms exist for finding designs 
that have strong D-optimality characteristics such as Fedorov’s 
exchange algorithm and DETMAX [23], [24]. These algorithms 
do not guarantee globally optimal designs, but they quickly find 
locally optimal solutions for a given experiment size and set of 
candidate design points. Running these algorithms from several 
different starting points in parallel ensures that the returned 
scenario set is close to D-optimal for the set of available 
scenarios. Here, we use Matlab’s candexch function with the 
rows of 𝐔𝐔𝒑𝒑𝐔𝐔𝒑𝒑 as candidate design points; the function returns a 
scenario sample Ω′ and the corresponding 𝐗𝐗𝑎𝑎∗   matrix according 
to (15) in seconds [25]. 

 
det(𝐗𝐗𝑎𝑎∗T𝐗𝐗𝑎𝑎∗ ) = max

Ω′⊂Ω
�det(𝐗𝐗𝑎𝑎T𝐗𝐗𝑎𝑎)�  

  
The scenario selection process is critical because it provides 

a rigorous method for selecting scenarios that work in 
conjunction with one another to provide as much information 
as possible. This prevents the inclusion of redundant scenarios 
and ensures that no available information is unduly ignored. 
This aspect of ALFA allows for far more information about the 
system to be obtained from a given number of sampled hours.  

C. Scenario Weights 
With estimates of the latent factor scores for scenarios and 

candidate transmission networks, we can calculate the 
approximate performance of a candidate network across the 
scenario set with 𝐔𝐔𝒑𝒑𝐔𝐔𝒑𝒑𝐯𝐯�𝑦𝑦T; however, this notation does not lend 
itself to use in objective functions for mathematical programs 
because the value of 𝐯𝐯�𝑦𝑦 changes for every candidate plan 𝜓𝜓𝑦𝑦. 
To derive compact weights that are useful in an objective 
function, we will first note that 𝐲𝐲𝑎𝑎 is calculated directly and the 
approximate values of 𝐲𝐲𝑏𝑏, denoted as 𝐲𝐲�𝑏𝑏, are given by (16). By 
defining an extended hat matrix H as an (𝑛𝑛 − 𝑙𝑙) × 𝑙𝑙 matrix 
calculated with (17), we can instead represent 𝐲𝐲�𝑏𝑏 with (18). This 
last equation is found by substituting (12) and (17) into (16). 

 
𝐲𝐲�𝑏𝑏 = 𝐗𝐗𝑏𝑏𝐯𝐯�𝑦𝑦T 

 
𝐇𝐇 = 𝐗𝐗𝑏𝑏(𝐗𝐗𝑎𝑎T𝐗𝐗𝑎𝑎)−1𝐗𝐗𝑎𝑎T 

 
𝐲𝐲�𝑏𝑏 =  𝐇𝐇𝐲𝐲𝑎𝑎   

 
This gives us a simple way to calculate 𝐲𝐲 but of more interest 

is the expectation of 𝐲𝐲 that is found with the 𝑛𝑛 × 1 vector q that 
represents the probability of experiencing each scenario. The 
expectation of 𝐲𝐲 can then be found with (19), where w is the 
𝑙𝑙 × 1 vector of weights that results from carrying out the 
algebra. The weights can be calculated directly with (20), where 
𝐈𝐈𝑙𝑙 is the identity matrix with size l.  

𝐸𝐸[𝐲𝐲] = 𝐪𝐪T𝐲𝐲 = 𝐪𝐪T �
𝐲𝐲𝑎𝑎
𝐲𝐲𝑏𝑏� = 𝐪𝐪T �

𝐲𝐲𝑎𝑎
𝐇𝐇𝐲𝐲𝑎𝑎� = 𝐰𝐰T𝐲𝐲𝑎𝑎 

   
𝐰𝐰 = [𝐈𝐈𝑙𝑙  𝐇𝐇T]𝐪𝐪 

 
 The w vector is unchanged for any candidate network 𝜓𝜓𝑦𝑦 and 
can be included directly in the upper level objective function 
for multilevel optimization formulations. Because some 
elements of w can be negative, it should only be used in the 
upper level problem to ensure that the OPF sub-problem does 
not become unbounded. For strictly positive weights that can be 
included anywhere, w can be calculated with constrained 
gradient descent to fit the representative scenarios to the 
sampled network costs, instead of with (20). 

D.  ALFA Algorithm Summary 
Table 1 summarizes the ALFA algorithm and highlights the 

key equations. We have not yet discussed how large the sample 
sizes m and l should be; we will explore this in the results.  

TABLE I: ALFA ALGORITHM 
 Approximate Latent Factor Algorithm (ALFA) 
Step Description 
1 Randomly sample m candidate transmission networks Ψ′ 
2 Solve OPF models for all scenarios and sampled networks         

𝐙𝐙 = 𝑓𝑓�𝜔𝜔𝑖𝑖 ,𝜓𝜓𝑗𝑗�   ∀𝑖𝑖,   𝑗𝑗 = 1, 2, … ,𝑚𝑚  
3 Create mean centered matrix A from Z with  𝑎𝑎𝑖𝑖𝑗𝑗 = 𝑧𝑧𝑖𝑖𝑗𝑗 − 𝑧𝑧�̅�𝑖 
4 Perform SVD on A to find 𝐀𝐀 = 𝐔𝐔𝐔𝐔𝐕𝐕T 
5 Select D-optimal scenario sample Ω′ and 𝐗𝐗𝑎𝑎∗  matrix with 

det(𝐗𝐗𝑎𝑎∗T𝐗𝐗𝑎𝑎∗ ) = max
Ω′⊂Ω

�det(𝐗𝐗𝑎𝑎T𝐗𝐗𝑎𝑎)� recall: 𝐗𝐗𝑎𝑎 = 𝐔𝐔𝒑𝒑𝐔𝐔𝒑𝒑      𝜔𝜔𝑖𝑖 ∈ Ω′ 
6 Calculate extended hat matrix 𝐇𝐇 = 𝐗𝐗𝑏𝑏(𝐗𝐗𝑎𝑎T𝐗𝐗𝑎𝑎)−1𝐗𝐗𝑎𝑎T 
7 Find weights  𝐰𝐰 = [𝐈𝐈𝑙𝑙  𝐇𝐇T]𝐪𝐪 or with constrained gradient descent 
8 Use w in main optimization formulation 

IV. EXPERIMENTAL DESIGN 

A. Scenario Sampling Methods Compared 
Most existing approaches to TNEP consist of selecting a 

subset of scenarios, assigning a weight to each scenario, and 
using these scenarios and weights within a stochastic 
transmission investment optimization framework, so to 
demonstrate the performance of ALFA, we compare it to two 
commonly used alternatives for scenario selection: KMC, as 
described in [8], and the IS algorithm in [11]. We have avoided 
a strict definition of scenario so far to keep our presentation 
general, but for this experiment we use 8,736 hours from the 52 
weeks of a constructed year as equiprobable scenarios, with 
variable fuel prices, load, and renewable resource availability. 
Details on the constructed year are in the next subsection. 

We examine two variations of ALFA, one that uses 10 
randomly sampled networks to construct the latent factor 
approximations, and one that uses 30 sampled networks 
(referred to as ALFA-10 and ALFA-30, respectively).  We 
evaluate the performance of all four scenario selection 
algorithms with 2, 4, 8, 12, and 24 representative hours. We 
repeat the analysis 20 times for each method at each sample size 
to obtain a distribution of the possible outcomes. Each TNEP 
optimization is terminated after 5 hours or when the relative 
optimality gap moves below 10-5. On average the optimization 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 
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run time was 2.0, 2.1, 2.9, 4.5, and 4.8 hours for 2, 4, 8, 12, and 
24 representative hour models respectively and there was no 
interaction between the sampling method and optimization run 
time. Less than a second is needed to generate a scenario sample 
for each method, and the initial data collection phase, which is 
only needed by IS and ALFA, takes about 1 minute of wall time 
for each sampled network to simulate a year of operation. The 
performance of each resulting network is simulated over the full 
year so the true cost of each network is known. All 
optimizations are performed on a cluster of 12-core Xeon E5-
2680 processors running LINUX with the General Algebraic 
Modeling System (GAMS) program using CPLEX 12 [26]. 

B. Case Study Data 
We use a 312-bus aggregation of the WECC network 

extended from the work done by the Johns Hopkins University 
[8], [27], [28], and using the methodology from Shi [29]. In this 
model there are 654 existing transmission lines and 51 
candidate lines; this results in over 2.25x1015 possible candidate 
networks that must be chosen from. Our model includes 980 
generation units which are aggregated from the full set of actual 
generation units by bus and fuel type. In our model, 438 of the 
generators are dispatchable and the remaining 542 are 
intermittent renewable generators.  

Fuel prices, regional load, and renewable resource data is 
taken from the WECC 2024 Common Case Dataset [30]. The 
fuel prices vary by location and natural gas prices also vary by 
month. This results in 52 different fuel price profiles, 25 of 
which change over the year. There are 261 distinct renewable 
generation profiles developed from site specific data to preserve 
the geospatial and temporal relationships between different 
generation units. The hourly wind, solar, and hydroelectric data 
are modeled as intermittent resources with hourly profiles 
detailed in [30]. The hourly load shapes are extrapolated from 
historical data for 40 balancing areas and proportionally 
distributed to each bus according to the balancing areas that are 
represented at that bus. Most buses represent multiple balancing 
areas so the load profiles at these buses are proportionally 
constructed from the relevant load shapes as described in [27]. 
The system load is increased by 30% relative to the reference 
data. Unserved load incurs a penalty of $1,000 per MWh and 
curtailed renewable energy incurs a penalty of $300 per MWh.  

C. Formulation of Transmission Expansion Problem 
Each repetition of ALFA provides a scenario sample and 

weights for the TNEP problem which we formulate as a 
standard deterministic equivalent mixed-integer program here. 
The notation in this section is independent from that used above 
unless noted otherwise. All decision variables are given with x 
and cost parameters with c. Superscripts of parameters given by 
t, p, v, s, f, and 𝜃𝜃 refer to transmission investments, power 
generation, unmet load, shed renewable generation, power 
flow, and bus voltage angle respectively. Subscript l refers to 
individual lines, g refers to generators, and b and u subscripts 
both refer to buses. Bus subscripts may appear in parentheses 
to indicate the direction of power flow on line l. Subscript i 
refers to recourse decisions and related costs in scenario 𝜔𝜔𝑖𝑖 as 
in the previous section. Summations extend over the full set of 

indices unless otherwise noted; the restricted sets include 
candidate lines 𝐿𝐿𝑐𝑐, lines directed from bus b to u for power flow 
𝐿𝐿𝑏𝑏𝑏𝑏, intermittent renewable generators 𝐺𝐺𝑟𝑟 , generators at a given 
bus 𝐺𝐺𝑏𝑏 , and the scenario sample Ω′ generated with ALFA. 

The objective function (21) consists of line investment costs, 
operations costs from the weighted scenario sample, and the 
total average scenario cost, with 𝑤𝑤𝑖𝑖 , 𝑞𝑞𝑖𝑖, 𝑧𝑧�̅�𝑖, and 𝑦𝑦𝑖𝑖  holding the 
same definition as before, but with the intermediate variable 𝑦𝑦𝑖𝑖  
now being fully defined for our case study in (22). Because 
probability 𝑞𝑞𝑖𝑖 is assumed known and the mean scenario cost 𝑧𝑧�̅�𝑖 
was calculated earlier, the last portion of the objective function 
is a constant added in to correct for the mean centering of 𝑦𝑦𝑖𝑖 , so 
the end result of ALFA is the scenario sample Ω′ and the set of 
weights 𝑤𝑤𝑖𝑖  that are easily incorporated into the formulation. 

The objective is subject to the constraints represented with 
(22)-(31), with (22) being the mean centered scenario costs, 
including generation costs, unmet load and shed generation 
penalties, and the sampled average scenario cost 𝑧𝑧�̅�𝑖. Power 
balance is enforced with (23) where 𝑑𝑑𝑖𝑖𝑏𝑏  is the power demand, 
DC power flow for existing lines is shown in (24) and for 
candidate lines in (25) with inverse line reactance 𝑎𝑎𝑙𝑙 and M 
being a sufficiently large constant. Power flow limits are shown 
in (26) for existing lines and (27) for candidate lines; 𝑓𝑓𝑙𝑙𝑚𝑚𝑎𝑎𝑚𝑚 
covers thermal and voltage angle difference limits. Renewable 
generation must equal the resources available to that generator 
in that hour, given by the parameter 𝑉𝑉𝑖𝑖𝑖𝑖, and shed generation 
cannot exceed that amount as shown in (28). The slack bus 
voltage angle is fixed in (29), generation and unmet demand 
limits are in (30), and binary line restrictions are defined in (31). 

 
min
𝑚𝑚 𝑦𝑦 

     ∑ 𝑐𝑐𝑙𝑙𝑡𝑡𝑥𝑥𝑙𝑙𝑡𝑡𝑙𝑙∈𝐿𝐿𝑐𝑐 + ∑ 𝑤𝑤𝑖𝑖𝑦𝑦𝑖𝑖𝑖𝑖∈Ω′ + ∑ 𝑞𝑞𝑖𝑖𝑧𝑧�̅�𝑖𝑖𝑖    

s.t. 
𝑦𝑦𝑖𝑖 = ∑ 𝑐𝑐𝑖𝑖𝑖𝑖

𝑝𝑝 𝑥𝑥𝑖𝑖𝑖𝑖
𝑝𝑝

𝑖𝑖 + ∑ 𝑐𝑐𝑣𝑣𝑥𝑥𝑖𝑖𝑏𝑏𝑣𝑣𝑏𝑏 + ∑ 𝑐𝑐𝑠𝑠𝑥𝑥𝑖𝑖𝑖𝑖𝑠𝑠𝑖𝑖∈𝐺𝐺𝑟𝑟 − 𝑧𝑧�̅�𝑖;  𝑖𝑖 ∈ Ω′  
 
∑ 𝑥𝑥𝑖𝑖𝑖𝑖

𝑝𝑝
𝑖𝑖∈𝐺𝐺𝑏𝑏 − ∑ 𝑥𝑥𝑖𝑖𝑖𝑖𝑠𝑠𝑖𝑖∈𝐺𝐺𝑏𝑏∪𝐺𝐺𝑟𝑟 + 𝑥𝑥𝑖𝑖𝑏𝑏𝑣𝑣 − ∑ 𝑥𝑥𝑖𝑖𝑙𝑙(𝑏𝑏𝑏𝑏)

𝑓𝑓
𝑙𝑙∈𝐿𝐿𝑏𝑏𝑏𝑏 +

∑ 𝑥𝑥𝑖𝑖𝑙𝑙(𝑏𝑏𝑏𝑏)
𝑓𝑓

𝑙𝑙∈𝐿𝐿𝑏𝑏𝑏𝑏 = 𝑑𝑑𝑖𝑖𝑏𝑏;  𝑖𝑖 ∈ Ω′  ∀𝑏𝑏  
 
𝑥𝑥𝑖𝑖𝑙𝑙(𝑏𝑏𝑏𝑏)
𝑓𝑓 = 𝑎𝑎𝑙𝑙�𝑥𝑥𝑖𝑖𝑏𝑏𝜃𝜃 − 𝑥𝑥𝑖𝑖𝑏𝑏𝜃𝜃 �;  𝑖𝑖 ∈ Ω′  𝑙𝑙 ∉ 𝐿𝐿𝑐𝑐   

 
−𝑀𝑀(1 − 𝑥𝑥𝑙𝑙𝑡𝑡)  ≤ 𝑥𝑥𝑖𝑖𝑙𝑙(𝑏𝑏𝑏𝑏)

𝑓𝑓 − 𝑎𝑎𝑙𝑙�𝑥𝑥𝑖𝑖𝑏𝑏𝜃𝜃 − 𝑥𝑥𝑖𝑖𝑏𝑏𝜃𝜃 � ≤ 𝑀𝑀(1 − 𝑥𝑥𝑙𝑙𝑡𝑡);  
 𝑖𝑖 ∈ Ω′  𝑙𝑙 ∈ 𝐿𝐿𝑐𝑐   
 
−𝑓𝑓𝑙𝑙𝑚𝑚𝑎𝑎𝑚𝑚 ≤ 𝑥𝑥𝑖𝑖𝑙𝑙(𝑏𝑏𝑏𝑏)

𝑓𝑓 ≤ 𝑓𝑓𝑙𝑙𝑚𝑚𝑎𝑎𝑚𝑚 ;  𝑖𝑖 ∈ Ω′  𝑙𝑙 ∉ 𝐿𝐿𝑐𝑐   
 
−𝑓𝑓𝑙𝑙𝑚𝑚𝑎𝑎𝑚𝑚𝑥𝑥𝑙𝑙𝑡𝑡 ≤ 𝑥𝑥𝑖𝑖𝑙𝑙(𝑏𝑏𝑏𝑏)

𝑓𝑓 ≤ 𝑓𝑓𝑙𝑙𝑚𝑚𝑎𝑎𝑚𝑚𝑥𝑥𝑙𝑙𝑡𝑡;  𝑖𝑖 ∈ Ω′  𝑙𝑙 ∈ 𝐿𝐿𝑐𝑐  
 
𝑥𝑥𝑖𝑖𝑖𝑖𝑠𝑠 ≤ 𝑥𝑥𝑖𝑖𝑖𝑖

𝑝𝑝 = 𝑉𝑉𝑖𝑖𝑖𝑖;  𝑖𝑖 ∈ Ω′  𝑔𝑔 ∈ 𝐺𝐺𝑅𝑅  
 

𝑥𝑥𝑖𝑖1𝜃𝜃 = 0;  𝑖𝑖 ∈ Ω′   
 
0 ≤ 𝑥𝑥𝑖𝑖𝑖𝑖

𝑝𝑝 , 𝑥𝑥𝑖𝑖𝑖𝑖𝑠𝑠 , 𝑥𝑥𝑖𝑖𝑏𝑏𝑣𝑣 ;   𝑥𝑥𝑖𝑖𝑖𝑖
𝑝𝑝 ≤ 𝑥𝑥𝑖𝑖

𝑝𝑝𝑚𝑚𝑎𝑎𝑚𝑚;  𝑖𝑖 ∈ Ω′  𝑔𝑔 ∈ 𝐺𝐺  ∀𝑏𝑏  
 
𝑥𝑥𝑙𝑙𝑡𝑡 ∈ {0,1}; 𝑙𝑙 ∈ 𝐿𝐿𝑐𝑐  

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 
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V. RESULTS AND DISCUSSION  
We compare ALFA to KMC and IS on the basis of: 1) the 

accuracy of each method’s approximation of the expected cost; 
and 2) the actual cost of the “optimal” network found with each 
sampling algorithm relative to the cost of the “true optimal” 
network. Each repetition of a sampling method results in a set 
of representative hours and weights that are used in the TNEP 
optimization, which then returns a network that is near optimal 
for that sample. This network may vary with each repetition, 
and we use 20 repetitions to illustrate the variability in both the 
approximation error and the true network cost from each 
method.  Finally, we demonstrate how ALFA can be used to 
disaggregate the specific components of a network’s 
performance so that system planners can gain an understanding 
of how and why candidate networks differ, a key advantage 
ALFA has over other methods.  

A. Approximation Accuracy 
In Fig. 1, the error between the approximation of the cost of 

the solution network and the true cost of the network is shown, 
where the true cost of each network is computed using the 
complete set of 8,736 hours, thus providing an out-of-sample 
assessment of the approximation quality. The variation across 
repetitions for each sample size is shown with boxplots, in 
which the box indicates the 25th and 75th percentile of data, the 
median is indicated by the line inside the box, the whiskers 
extend over data within two times the interquartile range, and 
outliers are indicated with markers. 

The variability in the error between repetitions is quite large 
for IS and is negatively biased with smaller samples. With 24 
representative hours, the bias is reduced but the approximate 
cost can still be up to 5% away from the true cost. 

 KMC consistently returns extreme underestimations of the 
true cost of the resulting network; for the sample sizes tested 
here, KMC is never within 5% of the true cost.  Because KMC 
constructs a representative hour for each cluster by averaging 
high cost and lower cost hours, the estimated cost will be an 
underestimate due to Jensen’s inequality. KMC can be used as 
a lower bound because of this quality, as pointed out in [8]. 
However, among randomly sampled plans, the worst network 
found is only about 7% more costly than the true optimal 
network, so a single solution from either IS or KMC is not likely 
to be useful with so few representative hours. 

Both versions of ALFA have less bias and variance in the 
approximation errors at all sample sizes. Increasing the number 
of candidate networks used to select scenarios and including 
more representative hours reduces the variability in the 
approximation error. Both versions of ALFA produce 
approximations within 2% of the true cost, decreasing to within 
0.5% with larger samples. ALFA also exhibits a slight 
downward bias, but this is because the network with the 
minimum approximated value is likely to be one with a negative 
error component. In terms of the accuracy of approximating the 
cost of a plan for a given sample size, ALFA is a considerable 
improvement over the other methods. With 2 representative 
hours ALFA can consistently approximate the total cost of a 
network with less error than either IS or KMC can with 24. 

 

 
Fig. 1.  Approximation accuracy, note the difference in scale for KMC. 

B. Quality and Performance of Resultant Networks 
We identify one transmission plan with the lowest known 

cost (using all hours) as the “true optimal” network. This 
network was found through a brute force exploration of the 
lines that frequently appear in good plans from all the methods, 
and it includes 16 of the 51 candidate lines. Some of the lines 
are significantly more important than others. In particular, the 
lines 1, 29, and 43 are needed to address reliability penalties 
that amount to at least 1% of the total system cost, and lines 19 
and 13 prevent penalties of at least 0.1% of the total cost. The 
other 11 lines that appear in the optimal solution are still 
beneficial, but they address lesser reliability issues, or issues 
that could be partially resolved by other candidate lines. Fig. 2 
compares the true cost of each solution network from one TNEP 
optimization to the cost of the true optimal network, using the 
ratio of the cost of each plan to the lowest observed cost, such 
that the true optimal plan is 1.0, and Table II shows the 
frequency with which each method and sample size included 
the five critical lines in the solution. The table also includes the 
average proportion of the 16 optimal lines and the average 
proportion of the 35 non-optimal lines that were included in the 
solution with each method and sample size.  The lines are 
illustrated graphically in Fig. 3 as a reference, with blue 
indicating existing lines, red indicating the candidate lines in 
the optimal plan, and the thicker red lines indicate the critical 
five lines with the greatest improvement in reliability. 

ALFA-10 always included all five critical lines with sample 
sizes over 4 and ALFA-30 included the critical lines in every 
trial regardless of sample size. IS and KMC did not consistently 
include the top 3 lines in every trial with fewer than 24 
representative hours and they frequently missed the other 
critical lines at every sample size. The cost of this is reflected 
in Fig. 2 where IS and KMC sometimes return networks with 
much higher costs than is optimal with between 2 and 12 
sampled hours whereas this only happens with 2 sampled hours 
for ALFA-10. 

This improvement in performance extends beyond the five 
most critical lines with both versions of ALFA including over 
63% of the optimal lines with just two representative hours, and 
increasing to over 81% of the optimal lines with 12 
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representative hours. ALFA-30 with a sample size of 24 had the 
best performance of any method, returning 85% of the optimal 
lines on average. IS included 5-13% fewer optimal lines than 
ALFA with smaller sample sizes but with 24 samples IS 
performed similarly to ALFA; additionally, all three of these 
methods included about 10% to 17% of the non-optimal lines 
at any sample size, which adds to the total cost but usually does 
not cause reliability problems. Conversely, KMC usually 
included the fewest optimal lines and improved the least with 
larger samples, struggling to find more than 69% of the optimal 
lines on average at any sample size. KMC also included the 
fewest non-optimal lines on average, which would be a benefit 
if the method had found most of the optimal lines, but because 
this is not the case, KMC is missing both the optimal lines and 
the viable substitute lines for several small but significant 
reliability risks. This is reflected in Fig. 2 where KMC does not 
find plans that are nearly equivalent to the optimal one until 24 
representative hours are used. This is evidence that KMC’s poor 
representation of extreme scenarios makes it likely to miss 
reliability risks and underinvest in mitigating solutions.   

 
Fig. 2.  True cost of found networks relative to the best known network. 
 
 

 
Fig. 3.  Graphical representation of the 312 bus WECC network with existing 
lines in blue and the optimal new lines in red. 

TABLE II: Frequency of Recommending Optimal Lines  
Method Samp 

Size 
Freq. of Including Critical Line Opt. 

lines 
Non
opt. 1 29 43 19 13 

ALFA- 
10 

2 1 1 0.9 1 0.95 0.63 0.13 
4 1 1 1 1 1 0.71 0.15 
8 1 1 1 1 1 0.81 0.14 
12 1 1 1 1 1 0.82 0.10 
24 1 1 1 1 1 0.81 0.12 

ALFA-
30 

2 1 1 1 1 1 0.67 0.17 
4 1 1 1 1 1 0.78 0.11 
8 1 1 1 1 1 0.76 0.14 
12 1 1 1 1 1 0.81 0.14 
24 1 1 1 1 1 0.85 0.15 

Imp. 
Samp. 

2 0.95 0.65 0.9 0.75 0.85 0.57 0.14 
4 0.95 0.8 1 0.95 0.55 0.65 0.13 
8 1 0.95 1 0.9 0.8 0.70 0.12 
12 1 0.95 1 1 0.85 0.76 0.14 
24 1 1 1 0.95 0.95 0.80 0.15 

K-means 
 

2 1 0.3 1 1 0 0.54 0.04 
4 1 1 1 1 0.8 0.68 0.06 
8 1 0.8 1 1 0.9 0.69 0.09 
12 1 0.95 1 1 0.9 0.67 0.11 
24 1 1 1 0.9 0.85 0.67 0.10 

C. Practical Use of ALFA 
ALFA has an additional benefit over the other scenario 

selection methods in that it allows for the disaggregation of the 
hourly estimates of different criteria using (18). This allows for 
system planners to compare alternative plans in terms of the 
temporal differences and the tradeoffs between competing 
objectives such as total unserved energy or shed generation.  
The estimate of each component can be obtained by setting the 
original data in the Z matrix to the criteria of interest (e.g., 
unserved load) and following the original ALFA approximation 
procedure with the same set of initial networks and 
representative hours. These estimates do not require any 
additional OPF solutions because these results are available 
from the original optimizations. Fig. 4 gives an example of the 
ALFA-30 estimates, calculated with 4 representative hours, for 
the operating cost, unserved load, and shed generation of two 
networks that have similar total costs, but different reliability 
risks. The plots show the cumulative percent change from the 
baseline network over the year.  

ALFA has the approximation accuracy and temporal 
resolution to perform this type of analysis with all of the 
network’s performance data and only 4 representative hours 
were used here to approximate the entire year. No other method 
in use can create such temporal approximations and as we saw 
in Fig. 1, even the aggregate accuracy of the other methods is 
not suitable for such rigorous comparisons.  

VI. CONCLUSIONS 
Transmission planning requires accurate estimates of the true 

expected cost and reliability of candidate plans across many 
possible future conditions. As intermittent energy sources 
provide a larger share of generation, the uncertainty grows and 
also the different types of reliability challenges increase, such 
as tradeoffs between unserved load and shedding generation. 
The computational demands of planning under uncertainty 
requires that cost and reliability performance be estimated with 
the smallest samples of future conditions. 
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Fig. 4.  Cumulative difference in cost components for two sample networks with 
similar total cost but different reliability characteristics relative to the baseline 
network. Approximated by ALFA-10 with 4 representative hours. 
 

ALFA, the method we have presented, exploits the latent 
covariance structure in the cost of different transmission 
networks across a common set of scenarios. The latent features 
can be estimated and used to select a small subset of 
representative scenarios that approximate the expected cost. 
The resulting approximation scheme can be used to generate 
scenario sets for any of the common solution methods 
employed for TNEP including MIP, Benders’ decomposition, 
and heuristic search algorithms. The approximations made with 
this algorithm are more accurate and more consistent than other 
approximation methods in use, and fewer representative 
scenarios are needed to find high performing solutions to the 
TNEP problem. 

ALFA also enables detailed analysis of tradeoffs across plans 
between different reliability components, requiring little 
additional computation. This is an advantage for heuristic 
search methods and multicriteria optimizations because many 
different performance metrics for multiple networks can be 
estimated very quickly. It also provides useful information to 
system planners about which candidate lines would address 
which failure mode, making ALFA a useful complement to 
existing planning methods now in use. 

While ALFA can be applied to stochastic optimization more 
generally, the correlative scenario structure and computational 
intensity of the problem make ALFA especially well-suited to 
TNEP studies, where small samples are required. For the same 
reason, the efficiency gains from ALFA will have greater value 
for more computationally intensive applications, such as TNEP 
with AC-OPF as the subproblem and in multi-stage stochastic 
TNEP frameworks. The multi-stage TNEP problem grows 
extremely large with even a few stages and long-term scenarios, 
so very few representative hours can be used for a given state, 
but accurate approximations of the expected total operating cost 
of any network are needed to find the optimal plan.   

In future work, multi-stage planning can also use the 𝐯𝐯�𝑦𝑦 
vector to indicate the specific transmission lines that address 
distinct failure modes. The magnitude of the latent factors that 
contribute to desirable performance is recorded in the 𝐯𝐯�𝑦𝑦 vector, 

so if specific lines can be tied to measurable changes in 𝐯𝐯�𝑦𝑦 it 
will be possible to construct plans from their desired features. 
In the multi-stage setting, constructing candidate plans based on 
the features that are needed for different states will reduce the 
curses of dimensionality that occur in this context. 

Finally, we note that other studies that employ scenario 
reduction and stochastic optimization rarely, if ever, present 
estimates of the range of results. For example, with very few 
hours, a poorly constructed scenario set will miss critical 
reliability issues. In fact, the variance in accuracy between 
repetitions of the same method is perhaps the primary 
shortcoming of existing approaches, where the same method 
may choose a set of hours that lead to a very good plan, but if 
repeated, can lead to a plan with significant non-served energy.  
We hope that future work by others to improve scenario 
reduction methods will demonstrate their improvements in 
terms of the variance as well as the accuracy of their approach. 
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